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Abstract
A map P equivariant with respect to a compact Lie group induces a map Q on the orbit space,
which is di/erentiable provided that P is su0ciently smooth. An equilibrium of Q corresponds
to an invariant orbit of P. We compare the eigenvalues of the linearization at the equilibrium
with the eigenvalues of a kind of linearization at the invariant orbit. It turns out that the former
are products of the latter. Furthermore, the eigenvalues on the orbit space su0ce to determine
asymptotic stability or instability of the invariant orbit. This generalizes a similar result for vector
7elds by K9nig, Math. Proc. Cambridge, Philos. Soc. 121 (1997) 401–424 and applies also to
relative periodic points. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 57S15; 58F14; 58F19
1. Introduction
Let P :V → V be an equivariant map on the 7nite-dimensional representation space
V of a compact Lie group. Since P sends each orbit, i.e. a class of points which are
symmetric to each other, onto another orbit, it is reasonable to regard P as a map
on the orbit space. From the point of view of dynamical systems this is a desirable
approach to the system given by P, since all trajectories which start in one orbit show
the same dynamical behavior and are projected onto the same trajectory in the orbit
space.
A Hilbert basis, i.e. a 7nite set of generators of the algebra of invariant polyno-
mials, which exists always for a compact group, provides an embedding of the orbit
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space into a vector space. There exists a map Q on this vector space which describes
the e/ect of P on the orbits. It can be achieved that Q is di/erentiable provided that
P is su0ciently smooth. This reduction to the orbit space converts algebraic singu-
larities of the map forced by the symmetry into geometric singularities of the orbit
space.
An equilibrium of Q represents a dynamically invariant orbit of P, which consists
of relative equilibria. A construction by Field allows to decompose P near an invariant
orbit into a map P˜ which preserves the normal spaces of the orbit and applications
of group elements. The invariant orbit becomes an equilibrium of P˜. The purpose of
this article is to describe the relations between the eigenvalues of the di/erentials at
the equilibria of P˜ and Q, respectively. It turns out that the latter ones are products
of the former ones. Moreover, the eigenvalues on the orbit space su0ce to determine
asymptotic stability or instability of the invariant orbit, although the Hilbert basis is
nonlinear, in general. This result is closely related to a theorem for smooth vector 7elds
by K9nig [12], which states that the eigenvalues of the reduced vector 7eld are sums
of the eigenvalues of the original vector 7eld.
Since the orbit space is embedded into a vector space of higher dimension, one has
to distinguish between the directions relevant to P and the ones that are not. The orbit
space is semialgebraic and contained in the variety Z which is given by the relations
of the Hilbert basis. We will show that the tangent space of Z provides a criterion
for the relevance of the eigenvalues to P. The linear terms of Q on this tangent space
depend uniquely on P.
The proof proceeds in the following way. Applying the mentioned decomposition
and the slice theorem, the situation can be reduced to an equilibrium at the origin, a
point of maximal symmetry. By a continuity argument we can assume the linear part of
P to be semisimple. Now a special Hilbert basis can be found which is homogeneous
on each eigenspace. Since the linear part of P acts on a homogeneous polynomial
on an eigenspace by multiplying with the corresponding eigenvalue to the power of
the polynomial’s degree, we obtain the desired result, when we have shown that the
nonlinear terms of P can be neglected. Most of these steps are similar to parts of the
proof presented in [12] for vector 7elds.
There are several contributions using the orbit space for analysis of dynamical sys-
tem, e.g. [1,19,5,13,14,20]. This strategy allows to consider also global phenomena
such as homoclinic cycles (see e.g. [4,6]). In [7] the Hartman–Grobman theorem is
applied to the orbit space reduction. In the mentioned paper [12] K9nig also showed
how the hyperbolicity of an invariant orbit can be determined in terms of the reduced
vector 7eld and the tangent cone. This is also possible in the case of maps. In a
forthcoming paper we will present this and a generalization of the main theorem to
Lyapunov exponents.
In Section 2 we collect the necessary facts from representation and invariant theory.
The next section contains the main theorem about eigenvalues and a proof. Then we ap-
ply this result to relative periodic points using a generalized PoincarMe map (Section 4).
In the last section we discuss the generalization for reductive groups.
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2. Preliminaries
Throughout this paper we consider a compact Lie group  acting on the vector space
V := Rm. By averaging over the group, we can assume the action to be orthogonal.
A famous theorem by Hilbert and Weyl [23] tells us that the algebra R[V ] of
-invariant polynomials is 7nitely generated by a so-called Hilbert basis, say 1; : : : ; k .
We call the map =(1; : : : ; k) from V into the vector space Rk given by a Hilbert
basis a Hilbert map. Since  is -invariant, and separates the orbits, it can be regarded
as an embedding of the orbit space V= into Rk . We call Y := (V ) the embedded
orbit space, if a distinction from the orbit space itself is necessary. The polynomial
R(x) := 〈x; x〉 is -invariant and proper, i.e. any compact set has a compact preimage.
Therefore, a Hilbert map is proper.
The generators of R[V ] can be chosen to be homogeneous. Then the Hilbert basis
and the corresponding Hilbert map are called homogeneous. If no proper subset of the
Hilbert basis generates R[V ], we name them minimal.
Remark 1. The number of elements of a minimal Hilbert basis and their degrees are
unique.
The following theorem establishes a link between -invariant functions and functions
on the embedded orbit space.
Proposition 2 (Schwarz [21]; Mather [15]; Rumberger [18]). There is an integer q de-
pending only on the representation of  such that for each n=0; : : : ;∞ a continuous;
linear map
J : Cqn(V ) → Cn(Rk)
exists which satis3es J(f) ◦ = f for all f ∈ Cqn(V ).
The Taylor polynomial of degree n of J(f) depends only on the Taylor polynomial
of degree qn of f.
This and all the following statements permit local versions, i.e. V is replaced by a
-stable open set V ⊂Rm, and Rk by an open set W ⊂Rk obeying (V )=(Rm)∩W .
The proposition applies to equivariant maps. Denote the space of Cn-maps from
V into another representation space W by Cn(V;W ), and indicate the subspace of
equivariant maps by a subscript : Cn(V;W ).
Corollary 3. There is a continuous map
Jm: C
qn
 (V; V )→ Cn(Rk ;Rk)
with Jm(P) ◦ =  ◦ P for all P ∈ Cqn (V; V ).
Proof. Compose J with P 	→  ◦ P.
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The ideal I of relations of the Hilbert basis determines the smallest variety Z ⊂Rk
which contains the embedded orbit space Y . Some inequalities describe the di/erence
of these two sets (see [16]). Thus, Y is semialgebraic.
The orbit space Y inherits tangent spaces from the variety Z . If y is lying in Y ⊂Z ,
then we de7ne the tangent space TyY of Y at y to be the (Zariski) tangent space
TyZ ⊂TyRk of Z at y, which is the linear variety given by the di/erentials {Dr(z) | r
∈ I} of the relations (cf. [10]).
Remark 4. A homogeneous Hilbert basis is minimal, if and only if the linear part at
0 of all relations vanishes. Then the tangent space of Y at (0) has dimension k.
The map J in Proposition 2 is not unique, but J(f)|Y and DJ(f)(y)|TyY depend
uniquely on f, if J(f) ◦ = f is demanded. The same holds for Jm.
Lemma 5. Given P; let Q := Jm(P) be the reduced map. The spectrum of DQ(0) is
independent of the choice of the minimal Hilbert basis.
Remark 6. Assume the Hilbert basis to be minimal and ordered by increasing degree.
Then DQ(0) is in upper block triangular form. Each block on the diagonal belongs to
the basis elements of a certain degree. These blocks depend only on DP(0), while the
blocks above the diagonal depend only on the higher order terms of P.
Denote the subspace of T0Y = Rk belonging to the linear basis elements by F
and the subspace corresponding to the degrees 1 and 2 by R. If  is an arbitrary
Hilbert map, and M a polynomial map with  = M ◦ , then F := DM(0)F and
R := DM(0)R are well-de7ned subspaces of T0(V ). F corresponds to the 7xed
point space.
The isotropy subgroup x := { ∈  | x = x} of x acts orthogonally on the normal
space Nx := (Txx)⊥⊂TxV . This action describes the local symmetry at x. Let Sx be
an -neighborhood of 0 in Nx. Then the twisted product  ×x Sx is the set of orbits
of the x-action ( ; (; v)) 	→ ( −1;  v) on  × Sx, and has the structure of a bundle
over the orbit =x ∼= x of x with 7ber Sx. The action of  on this bundle is given
by ( ; [; v]) 	→ [ ; v].
Proposition 7 (Di/erential slice theorem). If  is small enough; then
"x :
{
 ×x Sx → Ux;
[; v] 	→  expx(v)
is a -equivariant di7eomorphism.
Proof. For instance, see [11,3] or [22].
We call a bundle S → x satisfying the slice theorem a slice bundle. S is accompa-
nied by a tubular neighborhood Ux ="x(S), also called a tube. The proposition implies
that the orbit space is locally di/eomorphic to the orbit space of x, meaning that "x




C∞(Ux) → C∞(Sx)x ;
f 	→ f ◦ "x .
For the embedded orbit space this reads as follows.
Corollary 8. Let 1; : : : ; l be a minimal Hilbert basis for the action of x on Nx.
Denote the local orbit space (Nx)⊂Rl by Yx. Then a C∞-map Hx : Rl → Rk and
open sets U ⊂Rl and W ⊂Rk exist with
(1) Hx ◦  =  ◦ expx on Sx.
(2) Hx(Yx ∩ U ) = Hx((Sx)) = (Ux) = Y ∩W .
(3) The di7erential DHx(0) is one-to-one; and has the image T(x)Y .
(4) There is a C∞-map H˜ x : W → Rl such that H˜ x ◦ Hx|U = idU .
Obviously; l ≤ r and maxi deg i ≤ maxi deg i.
Proof. For instance, see [15, p. 149].
The representation space V and the orbit space Y admit a strati7cation. Two points of
V have the same orbit type, if their isotropy subgroups are conjugated in . The classes
of this equivalence relation are locally closed manifolds called strata. The boundary of
each stratum is a union of strata of smaller dimensions. Moreover, there is a unique
open and dense stratum in V , called the principal stratum. Since the strata are -stable,
the Hilbert map transfers the strati7cation to the orbit space. This strati7cation coincides
with the canonical strati7cation of Y regarded as a semialgebraic set [2].
Over each stratum T of the orbit space, the tangent spaces of the orbit space form
a bundle TY |T , which contains the tangent bundle of the stratum TT . The two bundles
coincide, if and only if T is the principal stratum. TyT is the image of the di/erential
D(x), where (x) = y.
Moreover, the monomorphism DHx(0) maps the subspace F (cf. Remark 6) onto
the tangent space TyT of the stratum. Thus, setting Ry := DHx(0)R de7nes a subbundle
R of TY |T over T .
A -equivariant map P maps a stratum into its closure. If P is even one-to-one,
then each stratum is invariant. Assume P to be smooth enough, then DQ(y) sends TyY
into TQ(y)Y , where Q := Jm(P) is the reduced map. Moreover, if P is di/eomorphic,
and T the stratum of y ∈ Y , then we have DQ(y)TyT = TQ(y)T and DQ(y)Ry =RQ(y).
3. Eigenvalues on the orbit space
Let P be lying in Cqn(V; V ), and set Q := Jm(P). We assume Q to have an
equilibrium (x)=:y. The preimage −1(y) is the invariant orbit x, and consists of
relative equilibria. We consider the eigenvalues of DQ(y), and ask for a link to the
map P near x. Obviously, only the eigenvalues of DQ(y)|TyY are relevant to P.
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Since the projection to the orbit space fades out the directions tangent to the orbits,
it is reasonable to split P near x into a normal part and a part tangent to the orbits.
Proposition 9 (Field [9]). There are a number a and an element c of the centralizer
C(x) of x such that Pa(x) = cx. Moreover; there are a slice bundle S → x with
tube Ux and maps P˜ : Sx → Nx and  : Sx →  such that
(1) ∀y ∈ Sx: Pa(expx(y)) = (y) expx(P˜(y));
(2) ∀y ∈ Sx: (y) ∈ C(x); and
(3) P˜ is x-equivariant and as smooth as P.
Proof. There is a  in the normalizer N (x) such that P(x) = x. Since  is compact,
some power a is lying in the connected component of the unit element N (x)0 =
C(x)00x . Now taking c ∈ C(x)0 and  ∈ x with a=c yields Pa(x)=ax=c x=cx.
The slice theorem allows to introduce coordinates ()1; )2) in a neighborhood V of
x such that )1 :V → Sx projects x-equivariantly onto the slice Sx, and )2 :V → C(x)
gives coordinates on the orbit x. De7ne P˜(y) := )1(c−1Pa(expx(y))) and (y) := c)2
(c−1Pa(expx(y))) (cf. [9]).
The stability of the invariant orbit x corresponds to the stability of the equilibrium 0
of P˜. Thus, the following result allows to determine asymptotic stability and instability
of x in terms of eigenvalues of the reduced map.
Theorem 10 (Rumberger [17]). The eigenvalues of DQa(y)|TyY are products of the
eigenvalues of DP˜(0).
If " is an eigenvalue of DP˜(0); then " itself or " P" is an eigenvalue of DQa(y).
Corollary 11. Let U be the open or closed unit disc in C; or the complement of one
of these sets. Then the following statements are equivalent:
(1) All eigenvalues of DP˜(0) lie in U .
(2) All eigenvalues of DQ(y)|TyY lie in U .
(3) All eigenvalues of DQ(y)|Ry lie in U .
Proof. In a 7rst step we reduce the statements to the case x=0 using the slice theorem.
Let  : Nx → Rl be a minimal Hilbert map of Nx, and resume the notations of Corol-
lary 8.
We apply Corollary 3 to P˜, and get a map Q˜ with Q˜ ◦  =  ◦ P˜. Since
Qa ◦ Hx ◦ (y) =Qa ◦  ◦ expx(y) =  ◦ Pa ◦ expx(y) =  ◦ expx ◦ P˜(y)
=Hx ◦  ◦ P˜(y) = Hx ◦ Q˜ ◦ (y);
we obtain DQa(y)DHx(0)=DHx(0)DQ˜(0) by Remark 4. Due to Corollary 8 it su0ces
to prove the theorem for x = 0. Since the origin is a 7xed point of the action, the
relative equilibrium of P is a genuine equilibrium, and we have P˜=P and Q˜=Q. We
can assume  to be minimal.
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Due to Lemma 5 and Remark 6 the nonlinear terms of the polynomial P do not
a/ect the spectrum of DQ(0). Therefore, we may ignore the nonlinear terms of P, and
assume P to be linear.
Firstly, we suppose P is semisimple. Let "1; : : : ; "l be the eigenvalues of P. Since
P is -equivariant, the corresponding eigenspaces Vi are -stable. We have, changing









Denote the coordinates in Vi by xi. If * ∈ Nl0 is a multiindex, denote by R[V ]* the
subspace of polynomials which are homogeneous of degree *i in xi, i=1; : : : ; l. We call
such polynomials multihomogeneous. All R[V ]*’s are -stable, hence we can assume








where the sum runs over the l-tuple of multiindices ,i ∈ N dimVi0 . According to our
assumption, there exists a multiindex * ∈ Nl0 such that c, = 0, only if |,1|=*1; : : : ; |,l|=
*l. We obtain










Thus, the linear part of Q is diagonal, and its diagonal elements are some products of
eigenvalues of P.
Now take an arbitrary P ∈Cqn (V; V ). Then there is a sequence of maps Pi ∈Cqn (V; V )
with semisimple linear parts, which converges to P. The eigenvalues of DJm(Pi)(0)
are products of the eigenvalues of DPi(0). Since P 	→ DJm(P)(0) is continuous, and
eigenvalues depend continuously on a matrix, the same is true for P. This proves the
7rst statement of the theorem.
Denote the eigenspace of " by V". Let W ⊂V" be an irreducible subrepresentation.
If W is the trivial representation, then the coordinate 1 in W ∼= R is -invariant, and
there is a minimal, multihomogeneous Hilbert basis containing 1. According to (1),
" is an eigenvalue of DQ(0).
Now suppose that W is nontrivial. If " is real, then we can assume W to be real.
Since the quadratic form 1 corresponding to the scalar product on W is -invariant,
and there are no linear -invariant functions on W , 1 can be completed to a minimal,
multihomogeneous Hilbert basis. According to (1), "2=|"|2 is an eigenvalue of DQ(0).
If " is complex, then P" is also an eigenvalue, and the eigenspace V P" contains the con-
jugated representation W . If xW and xW are the coordinates of W and W , respectively,
then 1(x) := 〈xW ; -xW 〉 is a -invariant polynomial of degree 2, where - : W → W
is an anti-linear -equivariant isomorphism. Since there are no linear invariants on
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W ⊕W , a minimal, multihomogeneous Hilbert basis containing 1 exists. And DQ(0)
has the eigenvalue " P"= |"|2.
Example 12. A minimal Hilbert basis for the free action of =Z4 on R2 is given by
x2 + y2, x2y2, and x3y − xy3. A Z4-equivariant map P has the equilibrium P(0) = 0









2 + -2 ∗ ∗
0 "4 − 6"2-2 + -4 2"3- − 2"-3
0 −8"3- − 8"-3 "4 − 6"2-2 + -4

 :
of the reduced map Q has the eigenvalues "2 + -2, ("+ i-)4, and ("− i-)4. The 7rst
one corresponds to the subspace R0. Therefore, this eigenvalue su0ces to determine
asymptotic stability or instability of the equilibrium 0 of P.
Using x4 − 6x2y2 + y4 instead of the second basis element we can choose Q to be
linear. There is always a Hilbert basis which allows to reduce linear maps to linear
maps.
Example 13. Consider the action of  = Z2 on R2 given by ±id. The polynomials
1(x; y) = x2, 2(x; y) = y2, and 3(x; y) = xy form a minimal Hilbert basis. The orbit
space is given by the relations 12 − 23 = 0 and 1 ≥ 0.






The eigenvalues of DP(0) are "1;2 := (a+d)=2± 12
√
(a− d)2 + 4bc. The reduced map






ac bd ad+ bc


with eigenvalues -1 = "21, -2 = "
2
2 and -3 = "1"2.
An eigenvector of -3 is given by v := (−b; c; (a−d)=2). The line Rv meets the orbit
space nontrivially, if and only if the eigenvalues "1 and "2 coincide, i.e. (a − d)2 −
4bc = 0. In this case, -3 is equal to -1 and -2.
If none of the eigenvalues of DP(0) has modulus 1, then the eigenvectors corre-
sponding to the eigenvalues of DQ(0) with modulus 1 do not lie in the orbit space.
This statement holds true for all groups, if ‘orbit space’ is substituted by ‘tangent cone
of the orbit space’. In this example all elements of the Hilbert basis are quadratic,
hence the orbit space coincides with its tangent cone.
Corollary 14. If P is a local di7eomorphism at 0; then the same holds true for Q.
Proof. No eigenvalue of DP(0) vanishes, hence all eigenvalues of DQ(0) di/er from
zero. Therefore, DQ(0) is a local di/eomorphism.
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4. Relative periodic points and Poincar*e maps
In this section we use Theorem 10 to discuss relative periodic points. We consider
a -equivariant vector 7eld F ∈ Vecq(V ). Its Tow 0t is as smooth as F and also
-equivariant. If we apply Corollary 3 to 0t , we get maps 2t on Y . Deriving 2t ◦=
 ◦ 0t yields D · F ◦ 0t = 2˙t ◦ . If we apply Proposition 2 to D · F , we obtain a
vector 7eld G on Rk with 2˙t ◦ =D ·F ◦0t =G ◦  ◦0t =G ◦2t ◦ . Therefore, the
restriction of the Tow of G to Y is given by 2t .
Let y ∈ Y be a periodic point of G with positive period. The preimage 4 of its
trajectory is a compact manifold in V . It is invariant with respect to both the Tow 0t
and the action of . The points of 4 are called relative periodic points.
To investigate stability and bifurcation of a periodic trajectory, one usually constructs
a PoincarMe map, i.e. the 7rst return map Q on a hypersurface E transversal to the
trajectory. The point y is an equilibrium of Q, whose stability reTects the stability of
the periodic trajectory.
For the manifold 4 a similar construction is possible (cf. [8]). The orthogonal com-
plement M4 of the tangent bundle T4 in TV |4 is -stable. For x ∈ 4 let S → x be
a slice bundle with the tubular neighborhood Ux. The subbundle R → x with 7bers
Rz := Sz ∩Mz gives a -stable manifold D := "x(R), where "x is taken from the slice
theorem.
Lemma 15. D is a -stable hypersurface transversal to F .
Proof. Let v be the image of F(x) under the orthogonal projection onto Nx=(Txx)⊥.
Since Mx is a codimension one subspace of Nx, and is orthogonal to F(x), v = 0 is
also orthogonal to Mx. As F(x) is x-invariant, the vector v and, therefore, the function
’(w) := 〈w; v〉 are also x-invariant. Using "∗x , ’ can be extended to a -invariant
function near x. Since, for w ∈ Nx, ’(w)=0 is equivalent to w ∈ Mx, the -invariance
of ’ yields ∀z ∈ Ux: ’(z)=0⇔ z ∈ D. Furthermore, 〈grad’(x); F(x)〉= 〈v; F(x)〉 = 0.
D intersects 4 along the orbit x transversally. Moreover, TzD =Mz ⊕ Tzz.
If T be the period of y, then there is group element  such that 0T (x) = x. Since
’(x) = 0 and
d
dt
’(0T (x)) = 〈grad’(x); 0˙T (x)〉
= 〈(Tx)v; (Tx)F(x)〉= 〈v; F(x)〉 = 0
the implicit function theorem applies to (t; z) 	→ ’(0t(z)), and yields a -invariant
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is -equivariant and as smooth as F , where D′ is the intersection of the domain of 9
with D. Furthermore, x is an invariant orbit of P. In next proposition we establish a
relation between the so-called PoincarMe system (D;D′; P; 9) and a PoincarMe map to the
periodic point y of G. Then we apply Corollary 11 to P.
Proposition 16. Let (D;D′; P; 9) be a Poincar<e system at a relative periodic point
x of F ∈ Vecq(V ). Then there is a section E transversal to the trajectory of the
periodic point y := (x) of the reduced vector 3eld G with −1(E)⊂D. Furthermore;
the Poincar<e map Q on E satis3es  ◦ P = Q ◦ .
Proof. By Proposition 2 a C∞-function  exists in a neighborhood of y with  ◦=’.
De7ne E := {z ∈ Rk |  (z) = 0 ∧ grad  (z) = 0}. Since
D (y)G(y) = D (y)D(x)F(x) = D( ◦ )(x)F(x) = D’(x)F(x) = 0;
grad  (y) is not orthogonal to G(y), and E is a section to the trajectory of y.
Let z ∈ V such that (z) ∈ E, then  ((z)) = ’(z) = 0 and, therefore, z ∈ D. So
−1(E)⊂D. Let Q be the PoincarMe map on E. The trajectory of (z) ∈ E, z ∈ D,
meets E at the time 9(z), because (09(z)(z)) ∈ (D)⊂E, but not before 9(z). Thus,
Q((z)) = (09(z)(z)) = (P(z)).
Theorem 17. Resume the situation of the last proposition. Set T := TyY ∩ TyE; and
let P˜ be as in Proposition 9. If U is the open or closed unit disc; or the complement
of one of these sets; then the eigenvalues of DP˜(0) are contained in U; if and only
if eigenvalues of DQ(0)|T are.
5. Reductive, non-compact groups
Finally, we drop the assumption of compactness of . However, to guarantee the
existence of a Hilbert basis and the validity of the slice theorem and Proposition 2,
we assume the group  to be a reductive real algebraic group (see [18]).
Here the appropriated concepts are closed orbits and the algebraic quotient rather than
the orbit space. Note that a Hilbert map separates the closed orbits of the complexi7ed
group C, but not the closed orbits of  itself, in general. Hence only maps which
respect the complexi7ed action can be handled.
An important di/erence to the compact case is that there are representations which
do not have a non-constant invariant polynomial. In this case eigenvalues belonging to
such a representation may not be found on the orbit space.
Example 18. Consider the action of R∗ on R2 by (r; (x; y)) 	→ (rx; r−1y). The algebra
of invariant polynomials is generated by (x; y) = xy. The algebraic quotient is R.
The linear map P(x; y) = ("x; -y) is equivariant and can be reduced to Q(z) = "-z.
Although it is true that the eigenvalue of DQ(0) is a product of the eigenvalues of
DP(0), it cannot determine the stability of P.
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The example shows that the second assertion of Theorem 10 may fail for non-compact
groups. At points with compact isotropy this problem does not arise.
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